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Abstract

Natural convection heat transfer fluid flow past an inclined plate embedded in a fluid-saturated porous medium is in-
vestigated by Lie group analysis. The governing partial differential equations are reduced to a system of ordinary dif-
ferential equations by the scaling symmetries. From numerical results, it is found that the thermal and momentum
boundary layer thicknesses are increased as the radiation parameter is increased. Also, it is observed that the velocity is
increased and the temperature is decreased for increasing the buoyancy parameter and the porosity parameter.
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1. Introduction

In recent years, convection heat transfer from sur-
faces embedded in porous media has received consid-
erable attention because of its wide range of applica-
tions, such as geothermal systems, petroleum proc-
esses, water purification, ground water pollution,
industrial filtration, ceramic engineering, solid matrix
heat exchangers, storage of grain, fruits and vegeta-
bles and the storage of nuclear waste.

In this paper, symmetry methods are applied to a
natural convection boundary layer problem. The main
advantage of such methods is that they can success-
fully be applied to non-linear differential equations.
The symmetries of differential equations are continu-
ous groups of transformations. Differential equations
are remaining invariant under these transformations.
The symmetry solutions are quite popular because
they result in the reduction of the number of inde-
pendent variables of the problem.

Effect of porosity on the free convection flow along
a vertical plate embedded in a porous medium was
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investigated by Beithou et al. [1]. Their results show
that as the porosity is increased the temperature varia-
tion becomes steeper, that is, the heat transfer rate is
increased. Chen [2] studied the natural convection
flow over a permeable inclined surface with variable
wall temperature and concentration. The results show
that the velocity is decreased in the presence of a
magnetic field. Increasing the angle of inclination
decreases the effect of buoyancy force. Heat transfer
rate is increased when the Prandtl number is increased.
Duwairi [3], who investigated the effect of viscous
and Joule heating on forced convection flow from
radiative isothermal surfaces found that the heat trans-
fer rate is decreased as the radiation parameter is in-
creased. Radiative and magnetic effects on free con-
vection and mass-transfer flow past a flat plate were
studied by Ibrahim et al. [4]. They obtained similarity
reductions and found analytical and numerical solu-
tions using scaling symmetry. Kalpadides and Balas-
sas [5] also studied the free convective boundary
layer problem using Lie group analysis.

Kandaswamy et al. [6] studied the convection flow
of an incompressible viscous electrically conducting
fluid in a porous medium. They showed that an in-
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crease in the magnetic parameter retards the flow and
an increase in the porosity parameter accelerates the
flow. Kumari et al. [7] investigated the mixed con-
vection flow over a vertical wedge embedded in a
porous medium. They found that the heat transfer is
increased with the Prandtl number and the effect of
permeability on the heat transfer is very small. Lai
and Kulacki [8] studied the convection from horizon-
tal impermeable surfaces in saturated porous medium.
It is observed that the inertial term has a pronounced
effect on the flow for higher values of parameter by
the inertial effect on natural convection. Shu and Pop
[9] numerically studied the natural convection from
inclined wall plumes in a porous medium. The veloc-
ity is increased while the temperature is decreased
with increasing the tilting angle. Yurusoy and Pak-
demirli [10] studied the boundary layer equations for
Newtonian / non-Newtonian fluids by using Lie
group method. So far no attempt has been made to
study the radiative heat transfer in a porous medium
using Lie groups, and hence we study the problem of
radiative natural convection heat transfer flow past an
inclined surface embedded in a porous medium for
various parameters using Lie groups.

2. Mathematical analysis

Consider the heat transfer by natural convection in
laminar boundary layer flow of an incompressible
viscous fluid along an inclined surface embedded in a
fluid-saturated porous medium with an acute angle o
from the vertical. The surface is maintained at a con-
stant temperature 7w which is higher than the con-
stant temperature 7oo0 of the surrounding fluid. The
fluid properties are assumed to be constant. The gov-
erning equations of the mass, momentum and energy
for the steady flow can be written as,
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where u and v are the velocity components; x and y
are the space coordinates; T is the temperature; v is
the kinematic viscosity of the fluid; g is the accelera-
tion due to gravity; f is the coefficient of thermal
expansion A is the thermal diffusivity; ¢, is the local
radiative heat flux; k is the thermal conductivity of
fluid; p is the density of the fluid; ¢, is the specific
heat of the fluid; k' is the permeability of the porous
medium and « is the angle of inclination.

The radiative heat flux term is simplified by using the
Rosseland approximation in Sparrow and Cess [11],
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gy =——%"— )
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where o, and k* are the Stefan-Boltzmann constant
and mean absorption coefficient respectively.

We assume that the temperature differences within
the flow are sufficiently small such that 7* may be
expressed as a linear function of the temperature. This
is accomplished by expanding 7" in a Taylor series
about 7, and neglecting higher-order terms, thus

T4 = 4731 - 372, (6)

The nondimensional variables are
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where u and v are the dimensionless velocity com-
ponents; x and y are the dimensionless space coor-
dinates; L is the characteristic length; and 6 is the
dimensionless temperature.

Substituting (5)-(7) into equations (1)-(4) and drop-
ping the over bars, we obtain,
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with the boundary conditions
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u=v=0, =1, aty=0,
u=0, =0, asy— oo, (11)
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3. Symmetry groups of equations

The symmetry groups of equations (8)-(10) are cal-
culated by using the classical Lie group approach in
Bluman and Kumei [12]. The one-parameter infini-
tesimal Lie group of transformations leaving (8)-(10)
invariant is defined as

x*=x+¢e&(x, y,u,v,0)
ye=y+e&(xp,u,v,0)
u*=u+en(x,y,u,v,0) (12)
vE=v+en(x,y,u,v,0)
0* =0+ eny(x,y,u,v,0)

The corresponding generator X is defined as
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with summation over a repeated index.
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The invariance condition in Bluman and Kumei
(1989) becomes
where,
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Substituting (14) and (16) into (15) and then eliminat-

ing v, ,uy, and 6,, through substitution of (8),(9)
and (10), and solving we obtain the infinitesimals as
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Imposing the restrictions from boundaries and from
the boundary conditions on the infinitesimals, we
obtain the following form for equations (17):

f=ax—o
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h=qu
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where the parameter ¢; represents the scaling trans-
formation and parameter ¢, represents
the x coordinate.

translation in

4. Reduction to ordinary differential equa-
tions

In this section, parameter ¢, is taken to be arbitrary
and all other parameters are zero in (18).
The characteristic equations are

dx dy du dv db

oy _au_&v_4v 19
x 0 u 0 0 (19)
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from which the similarity variables, the velocities and
temperature turn out to be of the form

u=xk), v=B0o), 0=xF0).

(20)

n=y,

Substituting (20) into equations (8)-(11), we finally
obtain the system of nonlinear ordinary differential
equations
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The appropriate boundary conditions are expressed as
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5. Numerical methods for solutions

Since the equations are highly nonlinear, a numeri-
cal treatment would be more appropriate. The system
of transformed equations (21) together with the
boundary conditions (22) is numerically solved by
employing a fourth order Runge-Kutta method and
Shooting techniques with a systematic guessing of
F1(0) and F3(0). The procedure is repeated until we
get the results up to the desired degree of accuracy,
namely 10~ and solutions are presented graphically.

6. Results and discussions

Numerical solutions are obtained for various values
of the Prandtl number, Grashof number, the porosity
parameter and the radiation parameter. Prandtl num-
ber Pr is varied from 0.1 to 13.67, Grashof number
Gr from 1.0 to 4.0, the porosity parameter K from 2 to
10 and the radiation parameter R from 0 to /0 with
the angle of inclination o taking the values ¢, 30° and
45°. The numerical results are depicted graphically in
the form of velocity and temperature profiles. Most of
the investigations are carried out for o0 = 45°. Some

results are taken for o, =0° (vertical plate case) and 30°.

Fig. 1 (a and b) shows the velocity and temperature
profiles for various values of the radiation parameter
with Pr=0.71 (air), Gr=1, K=5. The velocity and
temperature distributions increase with increase in the
radiation parameter. It is noted that the temperature

profile approaches a linear shape for high value of the
radiation parameter. Increasing the Prandtl number to
13.67, the velocity and temperature behavior along
the boundary layer are displayed in Fig. 2 (a and b). It
is found from Fig. 2(a) that the velocity distribution is
increased as the radiation parameter (R = 1,2,5 and
10) is increased in the region y € [0,15]. The velocity
becomes maximum near the surface and finally ap-
proaches zero. Increasing the radiation parameter
increases both the momentum and thermal boundary
layer thicknesses. The velocity and temperature pro-
files for different Grashof numbers with Pr=0.71,
R=1] and K=2 are shown in Fig. 3 (a and b). It is
found that the velocity is increased rapidly and falls
near the boundary due to favorable buoyancy force.
The thermal boundary layer thickness is decreased
with increasing the buoyancy parameter.
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Fig. 1. The velocity and temperature profiles for Pr = 0.71,
Gr =1 and K=5.
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Fig. 2. The velocity and temperature profiles for Pr = 13.67,
Gr =1 and K=5.
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Fig. 3. The velocity and temperature profiles for Pr = 0.71, R
=1 and K=2.
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The effect of the Prandtl number on the velocity
and temperature distributions is presented in Fig. 4 (a
and b). It is clear that the velocity is decreased with
increasing the Prandtl number. The thermal boundary
layer thickness is decreased with increase in the
Prandtl number. For low Prandtl number fluids, the
temperature profile becomes linear. The reason for
such a behavior is that the higher Prandtl number
fluid has a relatively low thermal conductivity. This
results in the reduction of the thermal boundary layer
thickness. It is also observed that the effect of the
Prandt]l number is to retard the flow. Fig. 5 (a and b)
presents the effect of the porosity parameter on the
velocity and temperature profiles for Gr = R= [ and
Pr = 0.71. There are very small changes that occur in
both momentum and thermal boundary layers when
changes are made in the porosity parameter. The ve-
locity is increased with increase in the porosity pa-
rameter. But the temperature is decreased on increas-
ing the porosity parameter. It is only in the pure con-
vection dominated situations that both shear layer
(boundary layer in F1) and thermal boundary layer
(boundary layer for F2 ) have similar behavior but in
situations where the heat transfer is either conduction
dominated or radiation dominated as in the present
study the boundary layers for the flow and tempera-
ture behave differently. In the present case it is radia-
tion-dominated heat transfer and there is only shear
layer and there is no thermal boundary layer.

W Pr=0.1,0.71,
7.13.67

Pr=0.1,0.71,
7.13.67

(@) (b)

Fig. 4. The velocity and temperature profiles for Gr=1, R =1
and K=2.
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Fig. 5. The velocity and temperature profiles for Gr =1, R =1
and Pr=0.71.

The effect of inclination of the surface for different
parameters is depicted in Figs. 6 and 7. For a fixed
value of the porosity parameter the velocity is de-
creased with inclination angles as shown in Fig. 6.
The fluid has higher velocity when the surface is ver-
tical than when inclined because the buoyancy effect
decreases due to gravity components gcosa as the
plate is inclined. For a fixed value of porosity pa-
rameter, the fluid has higher temperature when o =
30°. Increasing the porosity parameter increases the
temperature of the fluid along the surface. The incli-
nation angle o = 30° gives the enhanced heat distribu-
tion of the convective fluid. Fig. 7 shows the effect of
inclination of the surface for different values of the
radiation parameter. At a particular angle of inclina-
tion, the temperature and the thickness of the thermal
boundary layer are increased with increasing the ra-
diation parameter. In the case of radiation-dominated
flow and heat transfer the orientation of the gravity
has telling effect on the flow and not on temperature
since the change in temperature is primarily by radia-
tion and not convection; hence little effect is noticed
in the temperature field ( F3 ) in the regular order 0,
30,45 and the flow field ( F1) is more dependent on
the orientation of the gravity and is in the order
0,45,30.

(@) (b)

Fig. 6. The velocity and temperature profiles for Gr =1, R =1
and Pr=0.71.

(@) (b)

Fig. 7. The velocity and temperature profiles for Gr =1, K =5
and Pr=0.71.
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7. Conclusions

Symmetries are obtained for the governing system
of partial differential equations, which are reduced to
ordinary differential equations. From the numerical
results, it is found that the thermal and momentum
boundary layer thicknesses increase by increasing the
radiation parameter. Increasing Prandtl number de-
creases both temperature and velocity in the boundary
layer. Velocity increases and temperature decreases
by increasing Grashof number and the porosity pa-
rameter
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